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Summary. We propose a new penalized approach for variable selection using a
combination of minimax concave and ridge penalties. The proposed method is
designed to deal with p > n problems with highly correlated predictors. We call
the propose approach the Mnet method. Similar to the elastic net of Zou and
Hastie (2005), the Mnet also tends to select or drop highly correlated predic-
tors together. However, unlike the elastic net, the Mnet is selection consistent
and equal to the oracle ridge estimator with high probability under reasonable
conditions. We apply the coordinate descent algorithm to compute the Mnet
estimates. Simulation studies show that the Mnet has better performance in
variable selection in the presence of highly correlated predictors than the elastic

net method. An example is used to illustrate the application of the Mnet method.

Some key words. Correlated predictors; Minimax concave penalty; Oracle prop-

erty; p > n problems; Ridge regression.

1 Introduction

There has been much work on penalized methods for variable selection and estimation in
high-dimensional regression models. Several important methods have been proposed, which
include estimators based on the bridge penalty (Frank and Friedman 1993), the ¢; penalty or
the least absolute shrinkage and selection operator (LASSO, Tibshirani 1996; Chen, Donoho
and Saunders 1998), the smoothly clipped absolute deviation (SCAD) penalty (Fan and Li
2001), and the minimum concave penalty (MCP, Zhang 2010). These methods provide a com-
putationally feasible way for variable selection in high-dimensional settings. Much progress
has been made in understanding the theoretical properties of these methods.

While these methods have many attractive properties, they also have some drawbacks.
For example, as pointed out by Zou and Hastie (2005), for a linear regression model with
p predictors and sample size n, the LASSO can only select at most n variables; it tends to
only select one variable among a group of highly correlated variables; and its prediction
performance is not as good as the ridge regression if there exists high correlation among
predictors. To overcome these limitations, Zou and Hastie proposed the elastic net (Enet)
method, which uses a combination of the ¢; and ¢; penalties. Yuan and Lin (2007) obtained

a result for the Enet to select the true model in the classical settings when p is fixed.



Jia and Yu (2010) studied the selection consistency property of the Enet estimator when
p > n. They showed that under an irrepresentable condition and certain other conditions,
the Enet is selection consistent. Their results generalize those of Zhao and Yu (2006) on
the selection consistency of the LASSO under the irrepresentable condition. But the Enet
estimator is asymptotically biased because of the ¢; component in the penalty and it cannot
achieve selection consistency and estimation efficiency simultaneously. Zou and Zhang (2009)
proposed the adaptive Enet estimator and provided sufficient conditions under which it is
oracle. However, they require that the singular values of the design matrix are uniformly
bounded away from zero and infinity. Thus their results excludes the case of highly correlated
predictors and are only applicable to the situations when p < n.

Therefore, there is a need to develop methods that are applicable to p > n regression
problems with highly correlated predictors and have the oracle property. Inspired by the
Enet and MCP methodologies, we propose a new penalized approach that uses a combination
of the MCcP and /¢, penalty. We call this new method the Mnet. Similar to the Enet, the
Mnet can effectively deal with highly correlated predictors in p > n situations. It encourages
a grouping effect in selection, meaning that it selects or drops highly correlated predictors
together. In addition, because the Mnet uses the MCP instead of the ¢, penalty for selection,
it has two important advantages. First, the Mnet is selection consistent under a sparse Riezs
condition on the ‘ridge design matrix’, which only requires a submatrix of this matrix to
be nonsingular. This condition is different from the irrepresentable condition and is usually
less restrictive, especially in high-dimensional settings (Zhang, 2010). Second, the Mnet
estimator is equal to the oracle ridge estimator with high probability, in the sense that
it correctly selects predictors with nonzero coefficients and estimate the selected coefficients
using ridge regression. The Enet does not have such an oracle property because the shrinkage
introduced by the ¢; penalty results in nonnegligible bias for large coefficients.

This article is organized as follows. In Section 2, we define the Mnet estimator and
discuss its basic characteristics. In Section 3, we present a coordinate descent algorithm for
computing the Mnet estimates. Results on the sign consistency of Mnet and its equivalency
to the oracle ridge estimator are presented in Section 4. In Section 5, we conduct simulation
studies to evaluate its finite sample performance and illustrate its application using a real
data example. Final remarks are given in Section 6. All the technical proofs are provided in

the Appendix.



2 The Mnet estimator

Consider a linear regression model

p
y:Zl‘jﬁjﬁ‘& (21)

j=1
where y = (y1,...,y,) is the vector of n response variables, x; = (z1j,...,%,;)" is the
Jjth predictor vector, ; is the j regression coefficient and € = (e1,...,¢,)" is the vector of

random errors. We assume that the responses are centered and the covariates are centered

and standardized, so that the intercept term is zero and n=' 77" | a7, = 1.

2.1 Definition

To define the Mnet estimator, we first provide a brief description of the MCP introduced by
Zhang (2010). The McCP is defined as

[t]
p(t: A7) = A / (1 - 2/(7\)) 1 dz. (2.2)

where \; is a penalty parameter and 7 is a regularization parameter. Here x, is the non-
negative part of x, i.e., x4 = xly;>0;. The MCP can be easily understood by considering its

derivative, which is
At A, ) = M (L= [t]/(vA1)) , sen(t), (2.3)

where sgn(t) = —1,0, or 1 if ¢ < 0,= 0, or > 0. It begins by applying the same rate of
penalization as the lasso, but continuously relaxes that penalization until, when [t| > A,
the rate of penalization drops to 0. It provides a continuum of penalties with the ¢; penalty
at v = oo and the hard-thresholding penalty as v — 0+.

For A = (Aq, Ag) with A; > 0 and Ay > 0, define the penalized criterion

1 b 1
M(b; A, y) = %Ily — Xb|* + Zp(|bjl; ALy) + §Az||b||27 beRP. (2.4)
j=1

We note that the Enet criterion uses the ¢; penalty in the first penalty term. In contrast,

here we use the MCP. For a given (\,~), the Mnet estimator is defined as,
Butner (X, y) = argmin M (b; A, 7). (2.5)
b

Our rationale for using the MCP in (2.4) is as follows. As discussed in Fan and Li (2001), a
good penalty function should result in an estimator with three basic properties: unbiasedness,

sparsity and continuity. The ¢; penalty produces estimators that are sparse and continuous
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with respect to data, but are biased because the it imposes the same shrinkage on small
and large coefficients. To remove the bias in the estimators resulting from the ¢; penalty
and to achieve oracle efficiency, they proposed the SCAD penalty for variable selection and
estimation. In an in-depth analysis of the LASSO, SCAD and MCP, Zhang (2010) showed
that they belong to the family of quadratic spline penalties with the sparsity and continuity
properties. The MCP is the simplest penalty that results in an estimator that is nearly
unbiased, sparse and continuous. Further discussions on the advantages of the MCP over

other popular penalties can be found in Mazumder et al. (2009).

2.2 Orthonormal designs

To gain some insights into the characteristics of the Mnet estimator, we look at the case
when the design matrix is orthonormal. In this case, the problem simplifies to estimation in

p univariate models of the form
Y = 2450 + €, 1 <10 < n.

Let z = n~' Y .| x4y be the least squares estimator of 6 (since n=' Y " | x7, = 1). The

corresponding Mnet criterion can be written as

1 1
52— 0)* + p(6; M, ) + 5/\292‘ (2.6)

When (1 + Ay) > 1, the minimizer Onrrner OF (2.6) is

sgn(z)% if [z] <A1+ Ag), 27)
if [2] > yA (14 A2).

HMnet =
z
1+Xo
This expression illustrates a key feature of the Mnet estimator. In most of the sample space
of z, it is the same as the ridge estimator. Specifically, for small yA;(1 4+ A2), the probability
of the region where Onpmet is NOt equal to the ridge estimator is also small. In Section 4, we
show that this remains true for general designs under reasonable conditions.
It is instructive to compare the Mnet with Enet. The naive Enet (nEnet) estimator is

(2 = M)y
1+ X

~

1 1
OpEnet = argmin 5(2 —0)% 4+ \i]0] + 5)\202 = sgn(z)
0

The ridge penalty introduces an extra bias factor 1/(1 + Ay). This ridge shrinkage on top of
the LASSO shrinkage is the double shrinkage effect discussed in Zou and Hastie (2005). They
proposed to removes the ridge shrinkage factor by multiplying the naive Enet by (1+ \y) to

obtain he Enet estimator
éEnet - (1 + )\2)9~nEnet = sgn(z)(|z| - )\1)+-
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Thus for orthonormal designs, the (rescaled) Enet estimator is the same as the LASSO esti-
mator and is still biased.
Similarly, we can rescale éMnet to obtain the re-scaled Mnet estimator, which can be

written as

0 = %émet if 2] <A1+ A2),

sMnet —
2 if [z] > v\ (1 + Ag),

which is equal to the unbiased estimator z when |z| > YA1(1 4+ A2). As y(1 + Ag) — oo, the
Mnet converges to the Enet. As (14 A2) — 1, the Mnet converges to the hard thresholding
rule.

For orthogonal designs, re-scaling removes the bias due to the ridge shrinkage without
significantly inflating the variance. However, it can be demonstrated numerically that for
correlated designs, rescaling can substantially inflate the variance of the Mnet estimator and
as a result, the mean squared error is increased. Also, since here we focus on the variable
selection property of the Mnet and rescaling does not affect selection results, we will not

consider rescaling in this article.

2.3 Grouping effect

Similar to the Enet, the Mnet also has the grouping effect. It tends to select or drop strongly
correlated predictors together. This grouping property is due to the ¢y penalty term. The

following proposition describes this property.

Proposition 1 Let p;, = nt Z?Zl xi; T, be the correlation coefficient between x; and xy.
Suppose Ay > 0. Denote
max{2y(7A2 — 1)7L (72 + 1) (Ma(pde — 1)) LAY if v > 1,

£= B _ (2.8)
Ay if YA < 1.

For pji, > 0, we have

18; = Bel < &n™ 2201 = pi)llyll
For pji, <0, we have

13 + Bel < &2\ /2(1 + p) Iyl

From this proposition, we see that the difference between Bj and Bk is bounded by a
quantity determined by the correlation coefficient. It shows that highly correlated predictors
tend be selected together by the Mnet. In particular, Bj —Bk — 0 as pjr — 1 and Bj —1—@ — 0

as pjr — —1L.



3 Computation

3.1 The coordinate descent algorithm

We use the cyclical coordinate descent algorithm originally proposed for criterions with
convex penalties such as LASSO (Fu 1998; Friedman et al. 2007; Wu and Lange 2007).
It has been proposed to calculate the MCP estimates (Breheny and Huang 2009). This
algorithm optimizes a target function with respect to a single parameter at a time, iteratively
cycling through all parameters until convergence is reached. It is particularly suitable for
problems that have a simple closed form solution in a single dimension but lack one in higher
dimensions.

The problem, then, is to minimize M with respect to [;, given current values for the

regression coefficients (5. Define

2
1< . 1.
M;(B5; A, y) = o Z (yi - Zfﬁikﬂk - wijﬁj) + p(165]; A1) + 32205

i=1 k#j
Denote g;; = Zk# Zi B, Fij = Yi — Uij, and Z; = n~ 1Y " @7, where 748 are the partial
residuals with respect to the j* covariate. Some algebra shows that
L,

Z;.

1 . 1 1 .
My(B A7) = 585 = 2 + plBy1s M) + S + 5= D7 = o2
i=1

Thus, letting Bj denote the minimizer of M;(5;; A, ~), equations (2.6) and (2.7) imply that

~ Zil=A . ~
5 = sgn(zj)MTﬁ if |Z;] < AA(1+ Ag) (3.1)
ESY if 2j] > yA(1 4 As)
for y(1+ Ag) > 1.
Given the current value 3¢) in the sth iteration for s = 0,1.. ., the algorithm for deter-

mining B is:

(1) Calculate

Z=n' Y wyfy =0Tty gy - G+ ryBy) =" D i+ g7,
i=1 i=1 =1

where 7; = Z;”Zl Tij BJ(-S) is the current fitted value for observation ¢ and r; = y; — v; is
the current residual. The calculation of Z; is carried out using the last expression in

this equation.

(2) Update BJ(SH) using (3.1).



(3) Update r; < r; — (BJ(SH) = B](-S))l'ij for all 1.

The last step ensures that r;’s always hold the current values of the residuals. These three
steps loop over all values of j and proceed iteratively until convergence. The coordinate
descent algorithm has the potential to be extremely efficient, in that the above three steps
require only O(2n) operations, meaning that one full iteration can be completed at a com-

putational cost of O(np) operations.

3.2 Pathwise optimization

Usually, we are interested in determining B for a range of values of (A, ), thereby producing
a path of coefficient values through the parameter space. Consider the following reparame-
terization: 7 = A\; + Ag and a = Ay /7. Using this parametrization, we can compute solutions
for decreasing values of 7, starting at the smallest value 7,. for which all coefficients are
0 and continuing down to a minimum value 7,;,, thereby obtaining the unique coefficient
path for which the ratio between A\; and Ay is held constant at /(1 — a). If p < n and the
design matrix is full rank, 7,;, can be 0. In other settings, the model may become excessively
large or cease to be identifiable for small 7; in such cases, a value such as 7, = 0.017,.x is
appropriate.

From (2.7), Tmax = Maxi<j<p [0~ 25y|/o. Starting at this value, for which 3 has the closed
form solution 0, and proceeding along a continuous path ensures that the initial values are
reasonably close to the solution for all points along the path, thereby improving both the
stability and efficiency of the algorithm.

3.3 Convexity of the objective function

The preceding remarks concerning unique solutions and continuous coefficient paths are only
guaranteed for convex objective functions. Because the MCP is nonconvex, this is not always
the case for the Mnet objective function; it is possible, however, for the convexity of the
ridge penalty and the least-squares loss function to overcome the nonconvexity of the MCP
and produce a convex objective function. The conditions required for this to happen are

established in the proposition below.

Proposition 2 Let ¢ denote the minimum eigenvalue of n~*X'X. Then the objective
function defined by (2.4) is a convex function of B on RP if and only if v > 1/(cmin + A2).

The above proposition establishes the condition necessary for global convexity on R”. In
p > n settings, where highly sparse solutions are desired, we may be concerned only with

convexity in the local region of the parameter space consisting of the covariates estimated to



have nonzero coefficients. In this case, the above condition may be relaxed by considering the
minimum eigenvalue of n~' X', X4 instead, where X4 is a modified design matrix consisting
of only those columns for which 3; # 0. The issue of local convexity is explored in greater
detail in Breheny and Huang (2009).

4 Selection properties

In this section, we study the selection properties of the Mnet estimator BMnet in (2.5). We
provide sufficient conditions under which the Mnet estimator is sign consistent and equals
the oracle ridge estimator defined in (4.1) below.

For simplicity of notation, we write B = BMnet. Denote ¥ = n ' X’X. For any A C
{1,...,p}, define

1
XA:(ZL'j,jGA), ZA:EX;‘XA

Let the true value of the regression coefficient be 3° = (57, ..., 35)". Denote O = {j : 37 # 0},
which is the oracle set of indices of the predictors with nonzero coefficients in the underlying
model. Let 5, = min{|F;|, j € O} and set (5, = oo if O is empty, that is, if all the regression
coeficients are zero. Denote the cardinality of O by |O| and let d° = |O]. So d° is the

number of nonzero coefficients. Define

5o . 1 .
B°(A2) = arglfmn{lly — X0[I* + albl*,0; = 0,5 & O} (4.1)
This is the oracle ridge estimator. Of course, it is not a real estimator, since the oracle set

is unknown.

4.1 The p <n case

We first consider the selection property of the Mnet estimator for the p < n case. We require
the following basic condition.

(A1) (a) The error terms €y,...,&, are independent and identically distributed with
Ee; = 0 and Var(g;) = 0% (b) For any x > 0, P(lg;] > z) < Kexp(—Cz%),i = 1,...,n,
where C' and K are positive constants and 1 < o < 2.

Let ¢y be the smallest eigenvalue of 3, and let ¢; and ¢y be the smallest and largest

eigenvalues of Y, respectively.

Denote
log"/“(p — d° + 1 log"/*(d° + 1
Ay = ana og ""(p +1) and 7, = &na\/c_g og [7(d” + ), (4.2)
NG Vn(er + Ag)
where o, = 1if 1 < a < 2 and a,, = logn if @« = 1. So for error terms with double

exponential tails, there is an extra logn factor in the above expressions.
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Theorem 1 Assume that (A1) holds and v > 1/(Cmin + A2). Suppose

By > AL+ 20| B%]/(c1 + A2) and A1 > 2Xa/co| 87|/ (e1 + A2) (4.3)

Then
P (sgn(B) # sgn(i) or £ ) < m +

where the sgn function applies to a vector componentwise and
T = 2K1)\n/>\1 and Ty — 2K17—n/<ﬁ: — "}/)\1) (44)

Here K1 is a positive constant that only depends on the tail behavior of the error distribution
in (A1b).

We note that the upper bound on the probability of selection error is nonasymptotic. (Ala)
is standard in linear regression. (Alb) is concerned with the tail probabilities of the error
distribution. Here we allow non-normal and heavy tail error distributions. The condition
v > 1/(cmin + A2) ensures that the Mnet criterion is strictly convex so that the resulting
estimate is unique. This condition also essentially restricts ¢y, > 0, which can only be
satisfied when p < n. The first inequality in (4.3) requires that the nonzero coefficients not
to be too small in order for the Mnet estimator to be able to distinguish nonzero from zero
coefficients. The second inequality in (4.3) requires that A; should be at least in the same
order as As.

The following corollary is an immediate consequence of Theorem 1.

Corollary 1 Suppose that the conditions of Theorem 1 are satisfied. If \y > a,\, and

B > 4\ + anTy, for a, — oo as n — oo, then

P(sgn(53) # sgn(B°) or 3 # 3°) — 0.

By Corollary 1, B behaves like the oracle ridge estimator and has the same sign as the

underlying regression coefficients with probability tending to one.

4.2 The p > n case

We now consider the selection property of the Mnet estimator when p > n. In this case,
the model is not identifiable without any further conditions, since the design matrix X is
always singular. However, if the model is sparse and the design matrix satisfies the sparse
Riesz condition, or SRC (Zhang and Huang 2008), then the model is identifiable and selection

consistency can be achieved.
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Let
X~ _ X
B vV TL)\Q Ip 7

where [, is a p X p identity matrix. This can be considered an ‘enlarged design matrix’ from
the ridge regularization. The jth column of X is Tj = (2}, v/ne€})', where e; is the jth unit
vector in IRP. For A C {1,...,p}, define

Xa=(3j,j €A),Py=Xa(X, X)X/, (4.5)
Denote the cardinality of A by |A|. We say that X satisfies the sparse Reisz condition (SRC)
with rank d* and spectrum bounds {c, + A9, ¢* + Ao} if
0<eoths< %“XAqu <4 dy < o0, VA with [A] < dfuc RA [luf =1, (4.6)
where ¢, and ¢* satisfy
0<ec. < %||XAU||§ <", VA with [A] < d*,u € RM JJuf = 1.

Here we allow either ¢, = 0 or Ay = 0, but require ¢, + Ay > 0. Below, we simply say that
X satisfies the SRC(d*, ¢, 4 Ag, ¢* 4+ Ag) if (4.6) holds.

Recall d° is the number of nonzero coefficients. In addition to (Al), we also need the
following condition.

(A2) The matrix X satisfies the SRC(d*, ¢, + Ay, ¢*+\;), where d* satisfies d* > d°(K,+1)
with K, = (¢ + X2)/(ce + Ag) — (1/2).

Let m = d* — d°. Denote

olog'®(p —d° +1) Ver }
vn my/n(c. + Xz)? )

where m,, = 1 if a = 2 and = m'/* if 1 < a < 2. Let m; and 7y be as in (4.4). Define

*
A=,

n

c*m, max {1, (4.7)

8oc* A/ do log!/* (d® + 1)

7T1< = K1>\:1/)\1 and T3 = Klan mn(c* T )\2)

(4.8)

Theorem 2 Suppose that (A1) and (A2) hold. Also, suppose that

¥ > (e + )T WAF (e X)) /(¢ + X)), (4.9)
A1 > 2X0/C2|| 8%/ (c1 + A2) and 37 > yA1 4 2X5||8°]|/(c1 + A2). Then,
P(sgn(5) # son(6%) or B # () < 7o b i 472t
Theorem 2 has the following corollary.
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Corollary 2 Suppose that the conditions of Theorem 2 are satisfied. If \y > a,\, and

B > 4\ + anty, for a, — oo as n — oo, then
P (sgn(B) # sgn(3°) or B # 3°) =0 asn — oo.

Theorem 2 and Corollary 2 provide sufficient conditions for sign consistency and oracle
property of the Mnet estimator in p > n situations. Again, the probability bound on the
selection error in Theorem 2 is nonasymptotic. Comparing with Theorem 1, here the extra
terms 77 and 73 in the probability bound come from the need to reduce the original p-
dimensional problem to a d*-dimensional problem. Condition (4.9) ensures that the Mnet
criterion is locally convex in any d*-dimensional subspace. It is stronger than the minimal
sufficient condition v > 1/(c. 4+ A2) for local convexity. This reflects the difficulty and extra
efforts needed in reducing the dimension from p to d*. The SRC in (A2) guarantees that the
model is identifiable in any lower d*-dimensional space, which contains the d°-dimensional
space of the underlying model, since d* > d°. The difference d* — d° = K.d° depends on K,
which is determined by the spectrum bounds in the SRC. In the proof of Theorem 2 given
in the Appendix, the first crucial step is to show that the dimension of the Mnet estimator
is bounded by d* with high probability. Then the original p-dimensional problem reduces to
a d*-dimensional problem. The other conditions of Theorem 2 imply that the conditions of
Theorem 1 are satisfied for p = d*. After dimension reduction is achieved, we can use the
same argument as in Theorem 1 to show sign consistency. The role of A} is similar to A, in
(4.2). However, the expression of A} has an extra term, which arises from the need to reduce
the dimension from p to d*. If 1 < a < 2, ¢, is bounded away from zero and ¢* is bounded
by a finite constant, then for sufficiently large n, we have \* = \,v/c*. Finally, We note that
our results allow ¢, — 0 and ¢* — oo as long as the conditions in Theorem 2 are satisfied.
Thus Theorem 2 and Corollary 2 are applicable to models with highly correlated predictors.
Finally, we allow p > n in Theorem 2 Corollary 2. For example, consider the simplest case
when the error distribution has sub-gaussian tails (o = 2) and v/c*/(m+/n(c, + X2)?) < 11in
(4.7) for sufficiently large n, then we can have p — d° = exp(o(n)), where o(n)/n — 0.

5 Numerical studies

5.1 Penalty parameter selection

For the Mnet estimator parameterized according to (7, a, ) described in Section 3.2, there
are two tuning parameters, v and «, in addition to the parameter 7, which controls the
overall degree of regularization. As a — 1, the Mnet becomes MCP; as a — 0, it becomes

equivalent to ridge regression. Large values of o and small values of v tend to produce more
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sparse models; however, as is clear from Proposition 2, they are also more likely to produce
a nonconvex objective function. Proper choices for o and v will thus depend on a number
of factors such as the relative sizes of n and p, the sparsity and signal-to-noise ratio of the
underlying data-generating process, and the multicollinearity of the covariates. Several data
driven procedures are available for tuning parameter selection. Here, as in Zou and Hastie
(2005), we use ten-fold cross validation to select tuning parameters 7, «, and, for Mnet, .
For both Mnet and Enet, there were 100 candidate values of 7 and four candidates for «a:
1, 0.9, 0.5, and 0.1. For Mnet, the candidate values for v were 2.5 and 6. We found that
the Mnet is not sensitive to small changes in v and that selecting v from the two candidate

values (7 = 2.5 or 6) worked well.

5.2 Simulation studies

Our simulation studies examine the performance of the Mnet estimator in comparison with
the Enet in two distinct settings: one in which all covariates are uniformly correlated with
each other, and another in which correlation is present within small groups of covariates. In
the simulations, the magnitude of the regression coefficients 3, the number of nonzero coeffi-
cients p; , and the correlation p were varied and their impact on the estimation, prediction,

and variable selection properties of the two methods were investigated.

5.2.1 Uniform correlation

Covariates were randomly generated from the multivariate normal distribution with zero
mean and correlation matrix having 1 along the diagonal and correlation coefficient p at all
other entries. The response y was generated according to (2.1) with standard normal errors.
For each independently generated data set, n = p = 100. In the generating model, p; of the
variables had nonzero coefficient (3, while the rest were set to zero.

Estimation accuracy, measured by mean squared error (MSE) is plotted in Figure 1. The
dominant trend depicted by the figure is the improvement in accuracy of Mnet relative to
Enet for large values of 3. This trend should not come as a surprise, since the purpose of
the MCP component of the Mnet penalty is to eliminate the downward bias of the lasso for
large coefficients. Note, however, that the downward bias reduces variance and is capable
of improving estimation for small model coefficients. This general trend is seen for all
combinations of p; of p. However, the trend is weakest in the presence of high correlation.
In such settings, cross-validation selects small values of a for both Mnet and Enet, leading
both methods to produce estimators similar to each other and to ridge regression.

The variable selection properties of Mnet and Enet, as measured by the false discovery

rate (FDR), are plotted in Figure 2. Because it lacks the built-in ability to relax downward
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Figure 1: Relative (to the elastic net) mean squared error for the Mnet estimator in the

uniform correlation simulation of Section 5.2.1. MSE was calculated for each method on 250

independently generated data sets; the relative median MSEs at each point are displayed.
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Figure 2: False discovery rates for the Mnet and Enet estimators in the uniform correlation
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simulation of Section 5.2.1. FDR is calculated for each method on the same independently

generated 250 data sets as 1.
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bias that Mnet possesses, the elastic net must select lower values of A to reduce downward
bias. Doing so, however, not only reduces bias but allows additional variables to enter the
model. This results in a slight increase in the probability that covariate with a nonzero
coefficient is selected, but a much larger increase in the probability that covariates with
zero coefficients will be selected. The FDR — the proportion of selected variables that have a
coefficient equal to zero in the underlying model — measures the overall success of the method
at selecting variables that are truly related to the outcome. Mnet has a lower FDR than Enet
for all values of 3, p;, and p depicted in Figure 2. The difference is minor for small 3, but
quite drastic for coefficients with large regression coefficients.

The results in this section and the next compare the unscaled versions of Mnet and Enet.
Scaled versions of the two estimators were also investigated, but omitted from the preceding
plots for the sake of clarity. In general, the unscaled version of Mnet outperformed the scaled
version, while the scaled version of Enet outperformed the unscaled version. The differences,

however, were negligible in comparison with the differences between Mnet and Enet.

5.2.2 Grouped correlation

For the simulations in this section, a grouping structure was built into the covariates as
follows. For each covariate z;; in group g, z;; = a;zi4 + €, where z;, and ¢;; both follow
a standard normal and a; can be adjusted as desired to vary the level of within-group
correlation. In our simulations, we used a group size of three. In addition to the grouped
covariates with positive model coefficients, independent covariates with zero coefficients were
also generated from the standard normal distribution. This produces a design matrix in
which each group consists of three correlated covariates with nonzero coefficients and with
no correlation between groups or between the groups and the covariates with zero coefficients
(i.e., the covariance matrix is block diagonal for the covariates with nonzero coefficients and
diagonal elsewhere).

In addition to specifying constant values of the within-group correlation, more realistic
mixed settings were also constructed. In the mixed correlation setting, a; was generated from
the exponential distribution with rate 1. This produces pairwise correlations among group
members that can range from 0 to 1, with a mean correlation of about 0.3. In this setting,
the correlation varies from data set to data set, but remain constant from observation to
observation within a data set.

A full series of simulations similar to those in Section 5.2.1 was conducted. However,
only the results for p; = 6 and mixed correlation are presented in Figure 3; the results for
other values of p; and p are similar. Figure 3 displays the effect of changing the size of the

regression coefficient 3 upon estimation accuracy as measured by MSE, prediction accuracy
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Figure 3: Relative mean squared error, relative mean squared prediction error, and false
discovery rate for the Mnet and Enet estimators. All results are based on the same indepen-
dently generated 250 data sets. Relative MSE and MSPE are calculated relative to Enet and

are based on the median of the 250 replications.

as measured by mean squared prediction error (MSPE), and variable selection as measured
by FDR.

The trends previously remarked upon with reference to Figures 1 and 2 and present as well
in Figure 3. However, Figure 3 also illustrates the tradeoffs inherent in regression modeling
with correlated predictors. In comparison to Mnet, the models produced by Enet include
a large number of predictors that have been heavily shrunken towards zero; this results in
a high FDR, improved estimation for small regression coefficients, and poorer estimation of
large regression coefficients. However, the differences between Mnet and Enet with respect
to prediction are much smaller.

When the number of coefficients is large and multicolinearity is present, several models
may fit the data equally well despite large differences in their underling structure — this is
referred to as “model multiplicity” in Breiman (2001). In such cases, there is insufficient
information present in the data to guide the selection of one model versus another. Mnet
produces more sparse models, but there is no way of knowing whether this reflects the un-
derlying reality based on the data alone. In practice, scientific knowledge and research goals
may provide this guidance. It is worth mentioning, however, that the prediction accuracy of

Mnet and Enet are not always similar, even in the presence of correlation. For example, with
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a uniform (i.e., not grouped) correlation of 0.3, p; = 32 nonzero coefficients, and § = 1.5,

the prediction error of Enet is five times larger than that of Mnet.

5.3 Rat eye expression data

We use the data set reported in Scheetz et al. (2006) to illustrate the application of the
proposed method in high-dimensional settings. For this data set, 120 twelve-week-old male
rats were selected for tissue harvesting from the eyes and for microarray analysis. The
microarrays used to analyze the RNA from the eyes of these animals contain over 31,042
different probe sets (Affymetric GeneChip Rat Genome 230 2.0 Array). The intensity values
were normalized using the robust multi-chip averaging method (Irizzary et al. 2003) to
obtain summary expression values for each probe set. Gene expression levels were analyzed
on a logarithmic scale.

We are interested in finding the genes whose expression are most variable and correlated
with that of gene TRIM32. This gene was recently found to cause Bardet-Biedl syndrome
(Chiang et al. 2006), which is a genetically heterogeneous disease of multiple organ systems
including the retina. One approach to finding the genes that are most related to TRIM32
is to use regression analysis. Since it is expected that the number of genes associated with
gene TRIM32 is small and we are only interested in genes that are most variable, we compute
the variances of gene expressions and consider the 500 genes with largest variances. We then
standardize gene expressions to have zero mean and unit variance.

We apply the Enet and Mnet. For both approaches, tuning parameters are selected using
ten-fold cross validation as described above. The Enet identifies 30 genes, and the Mnet
identifies 26 genes. Gene information and corresponding nonzero estimates are provided
in Table 1. The two sets of identified genes have 11 in common. Examination of Table 1
suggests that, for the overlapped genes, the magnitudes of estimates are in general not equal.
However, they have the same signs, which suggest similar biological conclusions. We further
investigate prediction performance using a 10-fold cross validation approach. The mean
squared prediction errors are 1.804 for Enet and 1.737 for Mnet. Although the prediction
performance of the Mnet is only slightly smaller than that of the Enet (which is consistent
with findings in simulation), the Mnet selects a smaller model with a more focused set of
candidate genes related to TRIM32, which makes it easier to carry out further confirmation

studies.
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6 Discussion

The Mnet can be applied to other regression problems, for example, in the context of the

general linear models, we can use
1 o z 1
o Zg(yu Bo + Z ij ;) + Z p(18i]; A1, y) + 5”5”2
i=1 j j=1

where ¢ is a given loss function. This formulation includes generalized linear models, censored
regression models and robust regression. For instance, for generalized linear models such as
logistic regression, we take ¢ to be the negative log-likelihood function. For Cox regression,
we take the empirical loss function to be the negative partial likelihood. For loss functions
other than least squares, further work is needed to study the computational algorithms and
theoretical properties of the Mnet estimators.

Our theoretical results gave insights into the characteristics of the Mnet estimator. They
show that the Mnet has the oracle selection property under reasonable conditions. However,
these conditions are concerned with penalty parameters that are not determined based on
data. Whether the results are applicable to the case where the penalty parameters are
selected using cross validation or other data driven procedures is unknown. This is an
important and challenging problem that requires further investigation, but is beyond the

scope of the current paper.

7 Appendix

In the Appendix, we prove Proposition 1 and Theorems 1 and 2.

Proof of Proposition 1 The jth estimated coefficient Bj must satisfy the KKT conditions,

— Loy — XPB) + M1 — |81/ (vA)ysen(3)) + Maf; = 0, 5, #0
|y — XB)| < A, B, =o.

Let =y — XB and 2; = n_lx;ﬁ After some calculation, we have, if YAy > 1,

0, if |2;] < A,
B; = sgn(Z)) ‘% A < 3] <A,
At if |2;] > 7A1A;
and if v\ < 1,
50 if 2] < AL

/\2_12]‘ if |£’]| > )\1.



First, suppose that z; and x; are positively correlated. Based on the above expressions, we

can show that
185 — Bl < &125 — 2l
where £ is given in (2.8). By the Cauchy-Schwarz inequality, |2; — 2| = n™t|(x; — 2)'7F| <

n Yz — zp||F]] = n 2 /2(1 = pje)|7]]. Since M(5;\) < M(0; ) by the definition of 3,
we have ||7|| < |ly||. Therefore

18; — Bel < €13 — 2] < en 2201 — pis)|lyll.

For negative p;;, we only need to change the sign of 2z, and use the same argument. 0

To prove Theorems 1 and 2, we first need the lemma below. Let 1,(x) = exp(z®) — 1
for a > 1. For any random variable X its 1),-Orlicz norm || X]||y, is defined as || X ||y, =
inf{C > 0: Ev,(|X]|/C) < 1}.

Lemma 1 Suppose that €1, ..., e, are independent and identically distributed random vari-
ables with Ee; = 0 and Var(e;) = 1. Furthermore, suppose that P(|e;| > x) < K exp(—Cx%), i
1,...,n for constants C' and K, and 1 < o < 2. Let ¢1,...,c, be constants satisfying
Sorc=1. Let X =31 | i

(i) | X]lypa < Ko {1+ (1+ K)Y*C~V*a,}, where K, is a constant only depending on o, C
and K.

(i) Let X1, ..., Xy be any random variables whose Orlicz norms satisfy the inequality in (1).

For any b, > 0,

Koy, (1 1))/«
P(max |Xj|zbn)§ 10 (log(m + 1))
1<j<m

bn

for a positive constant Ky only depending on o, C' and K.

This lemma follows from Lemma 2.2.1 and Proposition A.1.6 of Van der Vaart and Wellner
(1996). We omit the proof.

Proof of Theorem 1. Since BO is the oracle ridge regression estimator, we have B]" = 0 for

j ¢ O and
1 / Q0 Q0 .
—Ea:j(y —XB%) + X =0, VjeO. (7.1)

If \B]"| > ~v\1, then p’(|3ﬂ;)\1) = 0. Since cpin + A2 > 1/7, the criterion (2.4) is strictly
convex. By the KKT conditions, § = (° and sgn(3) = sgn(3°) in the intersection of the

events

(N = {%}3{ ’n—lx;(y — XBD)’ <A} and Q5(N) = {1;%1(51 sgn(ﬁ;’)@’ >y b (7.2)
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We first bound 1 — P(Q;(\)). Let fo = (8;,5 € O) and Z = n~'/2X. Let Zo()\s) =
Yo+ Xlp. By (7.1) and using y = Xo 53 + ¢,

Q0 Lo - 0 1 -
[ = Ezolw)xgy =35 (\)Z0BS + %zol(,\g)zggg. (7.3)
Thus 1
B8 = B = =o' (M) Zo= +{Zo' (M) o — o} 5. (74)

It follows that

1 o 1
Ex;(y - X% = ﬁx;{ln — ZoY5' (M) Zp}e — f 7 Zo{So' (Ae)So — Lo} 5.

Denote

1
Tj = Ex;{]n — Z0X5 (\) ZpYe, Ty = 7. Zo{35' (M) o — 1o} 35.

\/_ K
First consider Tj;. Write Tj1 = n~Y20||a;||(a;/]|a;) (¢/0), where a; = n~V2{I,— Zo X5 (N\2) Zi } ;.
Since n~V/2||x;|| = 1, we have ||a;|| < 1. By Lemma 1,

P(max [Tl = M1/2) < P(n20max| (a;/ll; ) (=/0)] = M1/2)
Jg0 70

olog/“(p—d° +1)

< 2Kjap , 7.5
= 10 \/ﬁ)\l ( )
where «, is given in (4.2).
For T}, we have Tjy = n*I/ZAgx;Z@Z(;l()\Z)ﬁ%. Since
n 2|7 Zo S5 (A2)Bo] < Aaler + A2) /el 87,
we have |Tjs| < /2 for every j if
A1/2 > Xa(er + o) e B2l (7.6)

Thus by (7.5), when (7.6) holds, 1 — P(€,(\)) < 7.
Now consider the event €,. Let e; be the jth unit vector of length d°. By (7.4),

ﬁ 50_ Si1+ Sje, j €O,

where Sj; = n7'e}(So+AI) "' Xpe and Sjy = =M€ (X042 I) ' 3. Therefore, sgn(ﬁj)ﬁj >
YALif | B9] + sgn(B7)(Sj1 + Sj2) > yA1, which in turn is implied by

1Sj1+ Sja| < B — A1, V.
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It follows that 1 —P(Q2())) < P(max;jeco(|Sj1 + Sj2| > B2 —~A1). Since [Sja] < Ao B°||/ (1 +
A2), we have [Sja| < (82 —yA1)/2 if B2 > vA1 + 2X2]|5°||/(e1 + A2). Similarly to (7.5), by
Lemma 1, when 32 > yA; 4+ 2X2||8°||/(c1 + A2),

0\/c;log!/*(d° 4 1)
V(B2 = A1) (er + A2)

By (7.7) and the restrictions on A; and 32, 1 — P(22(\)) < . O
Proof of Theorem 2. Let

Y = X
y‘(%)’x‘(m—wp)’

where 0, is a p-dimensional vector of zeros. We have

(7.7)

P(Ijr.le%(lsﬂ + Sjo| > B — M) < 2Kia,

. 1 L
B = argmin{ -1 — X[ + > p(bil, M)}

j=1

Thus the Mnet estimator can be considered an MCP estimator based on (g, X).
Denote Pg = )N(B()N(gXB)*lXjB. For m > 1 and u € R", define

- Ps — P,
C(u;m, O, Ap) Zmax{H( ?mn)1(/oz)v”2 v =(u,0,),0C BCA{l,...p}, |B| :m+|(9|}.

Here ¢ depends on A, through P. We make this dependence explicit in the notation. By
Lemma 1 of Zhang (2010), in the event

A > 2ver C(y;m, O, M) (7.8)
for m = d* — d°, we have
#{j: B # 0} < (K. +1)d° = p".

Thus in the event (7.8), the original p-dimensional problem reduces to a p.-dimensional
problem. Since p, < d*, the conditions of Theorem 2 implies that the conditions of Theorem
1 are satisfied for p = p,. So the result follows from Theorem 1.

Specifically, let 7,, be as in (4.2) and A’ as in (4.7). Let my be as in (4.4). Denote

7TT = Kl/\T/)\l
We show that if Ay > 2X5,/c2]|5°]|/(c1 + A2), then
P(2\/E§(y7m, O,)\Q) > )\1) < 7'('1< + 3. (79)
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Therefore, by Theorem 1, we have

P(sgn(3) # sgn(3°) or BN) # 3°(\s)) < m + 7F + ™y + 7. (7.10)

Then Theorem 2 follows from this inequality.
We now prove (7.9). By the definition of P,

(B — Po)ill = A Z5(Ss + Mals) " Z — Zo(So + Nalo) Zbby,  (T.11)
where Zp = n"'/2Xpg. Let Pg()\y) = Zp(Xp + A\oIp)~'Z} and write Pg = Pg(0). We have
I(Ps — Po)ill; = |(Ps — Po)yll3 + /' (Ps(X2) — Pr)y — y/'(Po(A2) — Po)y. (7.12)

Let Tp1 = [|(Ps — Po)yll3 and Tga = y'(Pp(A2) — Pr)y — ¢'(Po(X2) — Po)y. Let n =
A1/(2y/¢*). Note that (Pg — Po)y = (Pg — Po)e, since y = Xp3°+¢ and O C B. Therefore,
Tp1 = ||(Ps — Po)e|)*.
Consider Tzy. Since y = Xp[% + €, some algebra shows that

Y (Ps(A2)=Pp)y = nBg Z5(Pp(X2) — Pp) ZpBp+2vnBy Z5(P(X2) — Pp)e+e (Pp(A2) — Pp)e,
and nB% 2l (Ps(\a) — Pp)ZpB% = —nXo||B% % + nA2B8%4% 5 (M2)3%. These two equations and
the identity ||8%||* — ||Bol|? = 0 imply that Tgy = Sp1 + So + Sps + Spa, where

Spr = 2Vn{BgZ5(Pp(X2) — Pp) — 85Z0(Po(X2) — Po)le,

S2 = €I{P(9 — P@()\Q)}é‘,

SBg = EI{PB<)\2) — PB}S,

Spa = nN{BEEE (N)Bh — 66E0" (M) 5o}
Using the singular value decomposition, it can be verified that Sgz < 0. Also, since 3% =
(8%, 01 Bl- s) and by the formula of the block matrix inverse, it can be verified that Sps < 0.

Therefore,
Tp +Tpy < T+ |Sp1| + Se. (7.13)

Note that Sy > 0. When o = 2, by Lemma 2 and Proposition 3 of Zhang (2010),

2V e v/m{ml —d°) 4+ 1}V«
P max  To > mndl/(dc)) < K, ymimlos(p=d?)+1} 7
B:|B|=m+d° \/Wl\/ﬁ)\l
p

When 1 < a < 2, since Pg — Pp is a rank m projection matrix and there are ( ;ndo

) ways to

choose B from {1,...,p}, by Lemma 1,

* 1/a p—d°
Py nax  Ton > mnAi/ () < KIQ"NC—%%AT( o)
e, 02V log! (")
Vi ’
an2v/c{mlog(p — d° + 1)}/

Vi 7

< K
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where K is a constant that only depends on the tail probability of the error distribution in
(A2b). Here we used the inequality log((p:ndo)) < mlog(e(p — d°)/m).

Let p° = /nZof%. Since Zgfy = ZoBd = u°//n, we have Sg; = 2u”(Pg(\2) — Pp —
(Po(A2) — Po)}e. Write Spy = 2|lag||(ag/||lag]|) e, where

Jasll = [{Ps(r) — Py — (Po(ra) — Poy}u?] < 22l

Ce + Ao
Therefore,
Aol mn\?
P 2 * < P( , 1)
(B:\lg’?:a;z(+do Sp1 > mnAi/(8c")) < PRI VY L \(ag/|lag||)'c] > o

32¢* ||| Ae log"* ("))
mnA}(c, + \o)

32C*Hu°\|)\2m1/a{log(p —d°+ 1)}1/0“

" mnA}(c. + \o) '

S Klan

?

< KlOé

By assumption, Aa||x°|] < A1/2(c1 + A2) < A1/2(ce + A2), thus

16¢*m/*{log(p — d° + 1)}/«

p 1/(8c") < K 14
(B:\ér\l:arﬁdo S > mnAL/(8¢7)) < Kraw mnA;(c. + A2)? (7.14)
For Sy, by Lemma 1,
8c* o AoV d? log!/*(d° + 1)
P(S A2/ (8¢*)) < Kiay, . 7.15
(5o > i /(80)) < Ky, 2T (7.15)
Inequality (7.10) follows from (7.13) to (7.15). O
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Table 1: Genes identified using the Enet and the proposed Mnet approach: gene names and

nonzero estimates.

Gene name Enet Mnet | Gene name Enet Mnet
1367731 _at 0.0156  0.0402 | 1378765 at -0.0013 -0.0020
1368701 _at -0.0301 | 1379023 _at 0.0106

1368887 _at -0.0012 1379285 _at 0.0004

1368958 _at -0.0443 -0.0490 | 1379818_at 0.0078  0.0209
1369152 _at 0.0250 | 1380050_at 0.0100  0.0366
1369484 at 0.0251 | 1380951 _at 0.0235
1369718 _at -0.0016 1381508 _at 0.0065
1370434_a_at  -0.0083 -0.0223 | 1382193_at 0.0208
1370694 _at 0.0002 1382365_at -0.0093
1371052 _at 0.0157  0.0332 | 1385925 _at -0.0004

1372975 _at -0.0209 | 1391262 _at 0.0209
1373005_at -0.0116 1392613_at -0.0022
1375426 _a_at 0.0467 | 1393555_at -0.0085

1376129 _at 0.0164  0.0536 | 1394430_at 0.0085

1376568 _at 0.0321 | 1394459 _at 0.0041

1377651 _at 0.0125 0.0404 | 1394689 _at 0.0069
1387060_at 0.0173  0.0243 | 1394709_at 0.0003
1387366 _at 0.0021 1394820 _at 0.0252
1387902_a_at  0.0059 1395172 _at 0.0041
1389795 _at 0.0043  0.0107 | 1396743 _at 0.0016
1390238_at -0.0270 | 1397361 x_at -0.0255

1390643 _at -0.0281 | 1398594 at 0.0125

1378003 _at 0.0014
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